COEFFICIENT ESTIMATES, LANDAU'S THEOREM AND 
LIPSCHITZ-TYPE SPACES ON PLANAR HARMONIC 

MAPPINGS 



SH. CHEN, S. PONNUSAMY *, AND A. RASILA 

Abstract. In this paper, we investigate the properties of locally univalent and 
multivalent planar harmonic mappings. First, we discuss the coefficient estimates 
and Landau's Theorem for some classes of locally univalent harmonic mappings, 
and then we study some Lipschitz-typc spaces for locally univalent and multivalent 
harmonic mappings. 



1. Introduction 

Let D be a simply connected subdomain of the complex plane C. A complex- 
valued function / defined in D is called a harmonic mapping in D if and only if 
both the real and the imaginary parts of / are real harmonic in D. It is known that 
every harmonic mapping / defined in D admits a decomposition / = h + ~g, where 
h and g are analytic in D. Since the Jacobian Jj of / is given by 

Jf = \f z \ 2 -\M 2 --=\hf-\g'\ 2 , 

f is locally univalent and sense-preserving in D if and only if ((/(z)! < \h'( z )\ m 
D; or equivalently if h'(z) 7^ and the dilatation w = g'/h' has the property that 
|w(z)| < 1 in D (see [21]). We refer to [12, 15] for the theory of planar harmonic 
mappings. 

For a G C, let D(a, r) = {z : \z — a\ < r}. In particular, we use D r to denote the 
disk D(0, r) and D the unit disk Di. For harmonic mappings / defined in D, we use 
the following standard notations: 

A f (z) = max \f z (z) + e-™f~ z {z)\ = \f z (z)\ + 

and 

X f (z) = min \f z (z) + e-™h(z)\ = \ \f,(z)\ - \Mz)\ |. 
Thus, for a sense-preserving harmonic mapping /, one has Jf(z) = Af(z)\f(z). 
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2. Main results 

For a harmonic mapping / in D and r £ [0, 1), the harmonic area function Sf(r) 
of /, counting multiplicity, is defined by 

S f (r)= [ J f (z)dA(z), 

where dA denotes the normalized area measure on D. In [19], the authors dis- 
cussed some properties of harmonic area functions and proved that a harmonic 
self-homeomorphism of a disk does not increase the area of any concentric disk. In 
this paper, we discuss the coefficients estimates and the Landau Theorem for sense- 
preserving harmonic mappings with the finite area. Let % denote the set of all sense- 
preserving harmonic mappings / in D satisfying the normalization /(0) = /z(0) = 0. 
We denote %{C) the class of all mappings / = h+g £ % with the finiteness condition 

C := sup Sf(r) < oo, 

0<r<l 

where h and g are analytic in D. Let H a (C) denote all mappings / £ %{C) with 
/ z (0) = a for some a > 0. 

In order to state our main results, we first consider the class H(C). Throughout 
the discussion, we assume that h and g has the form 

oo oo 

(2.1) h{z) = ^a n z n and g{z) = ^b n z n , z £ D, 

n=l n=2 

whenever / = h + ~g belongs to H{C). Our results are as follows. 
Theorem 1. Let f £ U{C), r = (y/E - l)/2 w 0.618, and 

^( r °) = ( V1 +T °\ C ) ' ~ 3.330^. 
ir 2 (l-r ) J 

Then |ai| < Q(vq) and for n > 2, 

I \M\h \^^9Mfi 1 V"' 4Q(ro)e 

Let / be a sense-preserving harmonic mapping from D into C. We say that / is 
a K-quasiregular harmonic mapping if and only if 

A/(z) |/,(z)| K+l 

where > 1. Moreover, if / is an univalent and i^-quasiregular harmonic mapping, 
then / is called a .fT-quasiconformal harmonic mapping. 

A harmonic mapping / is called a harmonic Bloch mapping if and only if 

!/(*)- /Ml . 

SUp r < OO, 
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where 

/ 1 i I Z — U) I \ 

— W 




1 + 


z— w 1 


1— zw I 


1 - 


z—w 1 


1—zw I 



w ) = n lo S ~ 1 y _T i = ar ctanh 

l — zw 

denotes the hyperbolic distance between z and w in D. 
In [13], Colonna proved that 

(2.2) snp l/( ^ ) " /(w)l = SU p { (i-|^)A / (^)}. 

z,w£B, z^=w p\Z,W) zGD 

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol HB, forms 
a complex Banach space with the norm || ■ || given by 

UWhb = 1/(0)1 + snp{(l-N 2 )A / ( 2 )}. 

For iT-quasiregular harmonic mappings, we have 

Theorem 2. Let f = h + g be a K -quasiregular harmonic mapping in D satisfying 
C = sup 0<r<1 Sf(r) < oo, where h(z) = Y^=i a nZ n and g(z) = Y^=i^>nZ n . Then 
f eWB and 



VCK ifn = l, 

< aVck ( 1 „ 

1 + r if n > 2. 

7r \ n — 1 J 

The following result is obtained as an application of Theorem 1. 

Theorem 3. Let f G H a (C) with < a < Q(r ), where r and Q(r ) are the same 
as in Theorem 1. Then for n > 2, 

1 n| ' ' — „n-l/n^„ \ nw^i I +n-lVi +\ I „n-l 



77 



The classical theorem of Landau asserts the existence of an universal constant p 
such that every analytic function / : D — > D with /(0) = /'(0) — 1 = is univalent in 
the disk D p and in addition, the range /(Op) contains a disk of radius p 2 . Recently, 
many authors considered Landau's theorem for planar harmonic mappings (see for 
example, [2, 3, 4, 5, 7, 14, 18, 22, 23, 32]). Applying Theorem 3, we obtain the 
following result. Since a bounded harmonic mapping in D has a finite area, we see 
that the following result is a generalization of [2, Theorem 3]. 

Theorem 4. Let f £ H a (C) with < a < Q(r ), where r and Q(r ) are the same 
as in Theorem 1. Define 

, - / e Q(r )p \ 



p = 1 ^ = and i? = r p I a 

1 + 4^) 

T/ien / univalent in D p . Moreover, /(roD p ) contains a univalent disk D ^> 
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A continuous increasing function uj : [0, oo) — > [0, oo) with o;(0) = is called a 
majorant if u(t)/t is non- increasing for t > (see [16]). Given a subset Q of C, 
a function / : Q — > C is said to belong to the Lipschitz space L^(fi) if there is a 
positive constant M such that 

(2.3) \f(z) - /H| < Mu(\z - w\) for all z 7 wen. 

For 5q > and < 5 < 5q, we consider the following conditions on a majorant w: 

(2.4) f S ^ dt < Mu(5) 



t 



and 



(2.5) 5 / < Mw(5), 

Js t 

where M denotes a positive constant. 

A majorant u is said to be regular if it satisfies the conditions (2.4) and (2.5) (see 
[16]). 

Dyakonov [16] characterized the holomorphic functions of class in terms of their 
modulus. Later in [27, Theorems A and B], Pavlovic came up with a relatively simple 
proof of the results of Dyakonov. Recently, many authors considered this topic and 
generalized Dyakonov's results to holomorphic functions and harmonic functions of 
one variable and several variables (see [1, 7, 16, 17, 24, 25, 27, 28, 29, 30]). In this 
paper, we first extend [27, Theorems A and B] to planar harmonic mappings as 
follows. 

Theorem 5. Let u be a majorant satisfying (2.4) and f £ H. Then for all r £ (0, 1), 

/ £ L w (D r ) ^ |/| £ L w (© r ) ^ |/| £ L w (© r ,9© r ), 

where L W (IDV, <9B r ) denotes the class of continuous functions F on D r U <9B r which 
satisfy the condition (2.3) with some positive constant M , whenever z £ D r and 
w £ dB r . 

In [20], Korenblum proved the following result. 
Theorem A. Let u be a real harmonic function in 3 and f r (9) = u(re ld ). Then 

\\fr\\BMO < \/I72||u||fl ViMl-r 2 )! (0 < r < 1), 
where \\u\\ B = sup 2gE) {|Vw(,2)|(l - \z\ 2 )}. 

Let BMOh be the complex Banach space of complex-valued and 2ir— periodic 
functions ip £ L 2 (0,2ir) modulo constants with norm 

WWbmo* = aip — / me ie )-U(z)\ 2 P(e ie ,z)d9\ < oo. 
Here P(e l9 , z) is the Poisson Kernel given by 
(2-6) ^V) = ^^ = ^log 
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where is the outward normal to <9D at £ = e , and 

/*(*) = ^- P(e l6 ,z)md9. 
^ Jo 

We now extend Theorem A to the following form. 

Theorem 6. Let u be a majorant and f be a harmonic mapping in D. If Af(z) < 
MufjAj) in © and ^ r {6) = f(re ie ), then 




where 9 G [0, 2-k) and r G (0, 1). 

Remark 2.1. Let / = u + iv be a complex- valued continuously differentiable func- 
tion defined on D. Then for z = x + iy G D, 

(2.7) A f (z) < \Vu{x,y)\ + \Vv{x,y)\, 

where Vu = (u x ,u y ) and Vv = (v x ,v y ) (see [9, Lemma 2]). Therefore, the condition 
Af(z) < Mcu^Y3fi|) i R Theorem 6 is better than the condition 

\Vu(x,y)\ + \Vv(x,y)\) < Mu(^-—-\ 

By taking u(t) = t in Theorem 6, we get the following result which is also a 
generalization of [20, Theorem 1]. 

Corollary 2.1. Let f be a harmonic mapping in D. If Aj(z) < y^y^- in D and 

$ r {Q) = f{re ie ), then 

\m\BMO h < 2v^Mv/|log(l-r)|, 

where 9 e [0, 2ir) and r G (0, 1). 

For i^-quasiregular harmonic mapping with finite area, we have 

Corollary 2.2. Let f be a K -quasiregular harmonic mapping in D satisfying C = 
sup 0<r<1 S f (r) < oo. Ifi\{9) = fire 16 ), then 

UvWbmo, < 2Vr~VKC^/\log(l-r)\, 
where 9 G [0, 2ir) and r G (0, 1). 

A sense-preserving and univalent harmonic mapping / in D will be called a fully 
convex harmonic mapping if it maps every circle \z\ = r < 1 onto a convex curve 
(see [10, p. 138]). Clunie and Sheil-Small proved the following result. 

Theorem B. [12, Corollary 5.8 ] Let f = h + g be an univalent and sense-preserving 
harmonic mapping in D, where h and g are analytic in D. If /(D) is a convex 
domain, then for all z±, Z2 G D with z\ ^ z<i, 

\g(z 1 ) - g(z 2 )\ < \h( Zl ) -h(z 2 )\. 
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In [11], Chuaqui and Hernandez discussed the relationship between the images 
of the linear connectivity of D under the harmonic mappings / = h + g and under 
their corresponding analytic counterparts h, where h and g are analytic in D. The 
following result is an analogous result of Theorem B. 

Theorem 7. Let f = h + ~g £ % be a fully convex harmonic mapping, where h and 
g are analytic in D. Then for all r £ (0, 1) and z\, z^ £ O r , 

(2.8) !/(**) < Hz2) _ h{zi)] < Lg^WM , 

1 + r 1 — r 

The following result, which is an improvement Theorem B in the case of fully 
convex functions, easily follows from Theorem 7. 

Corollary 2.3. Let f = h + ~g £ TL be a fully convex harmonic mapping, where h 
and g are analytic in D. Then h is univalent in D. 

We still have the following theorem due Clunie and Sheil-Small [12, Theorem 5.17] 
which helps to construct univalent close-to-convex harmonic functions. 

Theorem C. Let f = h + g be a sense-preserving harmonic mapping in the unit 
disk D, and suppose that h + eg is convex for some \e\ < 1. Then f is a univalent 
harmonic mapping from D onto a close-to-convex domain. 

In particular, Theorem C shows that a sense-preserving harmonic mapping in 
D is necessarily close-to-convex in D whenever the analytic part of it is convex. 
In contrast to this, under mild restriction on /, namely /z(0) = 0, Corollary 2.3 
shows that the analytic part h of a sense-preserving fully convex harmonic mapping 
/ = h + g is necessarily univalent in the unit disk D. On the other hand, another 
result of Clunie and Sheil-Small (see for example, [12, Theorem 5.7 and Corollary 
5.14]) shows that conclusion of Corollary 2.3 and hence of Theorem 7 could be 
improved. 

3. Coefficients estimates and the Landau-Bloch theorem for 
locally univalent harmonic mappings 



Lemma D. ([4, Lemma 1] or [6, Theorem 1.1]) Let f be a harmonic mapping o/D 
into C such that \f(z)\ < M and f(z) = Y^=o a n.z n + Y^=i~b~n~z n ■ Then \a \ < M 
and for all n > 1 

„ . 4M 
\a n \ + \K\ < 



7T 



Proof of Theorem 1. Let / £ %{C). For z £ D, consider w(z) = fz{z) / f z {z). 
Then w(0) = and by Schwarz's lemma one has |if(^)| < r for \z\ < r, where 
r £ (0, 1). This implies 

Af(z) l + \w(z)\ 1+r 

< = K[r). 



X f (z) 



\W[Z) 
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Since Jf(z) = Af(z)Xf(z) for the sense-preserving mapping /, we easily have 

Sf(r)= [ A f (z)\ f (z)dA(z)>-±- [ A}(z)dA(z), 
which implies 

Aj(z) dA{z) < CK{r). 



For 9 G [0,2tt) and z G D r , let P 9 (z) = (f z (z) + e iB fe{z)) . Because \P e (z)\ is 
subharmonic for z G O r , we have 

\Po(z)\ < 



rr — \z\ p2tt 

Jo Jo 


P e (z + pe if} )\pdpdp 


7r(r — 





< — / (\m\ + \Mz)\ydA(z) 

_CK(r) 



r— \z\ 



(r — \z\) 2 



and the arbitrariness of 9 G [0, 2ir) gives the inequality 
(3-1) Aj(s) < 

For C G D, let F(C) = r -1 /«)- Then F(0) = and by (3.1) we see that 

(3.2) A , (0=A/W <i^ T ^ T , 
where 3 = rC- By (3.2), we obtain that 



Ap(0 < min 

V ' ~ 0<r<l 



{ C{l + r) \ 1 ' 2 1 Q(r ) 

\ r 2(l_ r )/ 1_| C | 1_| C | 



where 

1/2 



Q(ro) 



C(l + r„) 



(ll + 5V5)C/2 ^ 3.330\/C 



.rg(l-ro). 

and r = (v 7 ^ - l)/2 « 0.618. Again, for w e D and a fixed i G (0,1), let 
= t^Fitw). Then G(0) = and 

and G has the form 

oo oo 



oo 

n=l n=l 



where A n = a n rg H n x , B n — b n TQ H n 1 and ( = wt. For 9 G [0, 27r), we consider 
the function T defined by 

T(w) = G w (w) + e i8 G w (w). 
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Then T(w) can be written in power series as 

oo 

T(w) = Y,< A nW n ~ l + e i9 B n w n - 1 ) 



n=l 



so that |T(it;)| < M{i) for wGD. It is not difficult to know that 

|T(0)| = \A l + e w B 1 \ < M(t), 

which gives 

|ai + e%| = |ai| < in^Af^) = Q(r Q ). 
By Lemma D, for n > 2, we have 

n(K + e .»5„|)<^M 

which gives 

\a n \ + \o n \ < — jnf 



Trw™" 1 o<t<i [^-1(1 - t) 

4Q(r ) ^ + n " X 
n — 1 



< 



4Q(r )e 



The proof of the theorem is complete. □ 

Proof of Theorem 2. By hypotheses, / = h + ~g is a A'-quasiregular harmonic 
mapping in D. Therefore, as in the proof of Theorem 1, we see that 



/ A}(z) dA{z) < CK 
Jd 



and 

Aj(z) < for z G D, 

so that 



(3.3) Af(z) < , , for zeB. 

1 — \z\ 

Thus, / G HE. 

On the other hand, for £ G D, let F(C) = r _1 /«)- For w G © and G [0, 2vr), let 

T(C) = F c (C) + e ifl F ? (C). 

Then 

oo 



T(C) = ^ nKC" -1 + V" 1 for C 



n=l 



and |T(C)| < for ( 6 D. We see that 
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which implies that 

1 



l a i| 

By Lemma D, for n > 2, we easily have 



&i| < VCK inf <^ } = VCK. 

0<r<l 1 — r 



(3.4) n(\a n \ + \b n \) < in f 1 



7T 0<r<l [ r n ~ 1 (l — r) 
Then by (3.4), we get 

if n = 1 




if n > 2. 

The proof of the theorem is complete. □ 
The following result is well-known (see for example [26]) 

Lemma E. Lettp be an analytic function mO withip(z) = Y^=o c n zn ■ If\ip{ z )\ — 1; 
then for each n > 1, | Co | 2 + |c n | < 1. 

Proof of Theorem 3. Let f = h + g E 1-L a (C) with < a < Q(r ), where r and 
Q(ro) are the same as in Theorem 1. 

Following the proof of Theorem 1, for w £ D and 9 £ [0, 2ir), we let 

. G w (w) + e ie G^{w) 
v ; M(t) 

where G and M(t) are the same as in the proof of Theorem 1. Then 

1 oo 

H{w) = —-Y,<A n + e* 9 B n )w n - 1 

^ ' n=l 

and \H{w)\ < 1 for w £ D, where A„ = a n r2~ 1 t n - 1 and B n = fe^ -1 ?^ 1 . By 
Lemma E, we have 



n\A n + e ie B n \ < l A|(0) _ 1 



a 2 



M(t) ~ M 2 (t) M 2 (t)' 
Since |A n | + |S n | = (|a„| + |6 n |)ro _1 t n_1 , the arbitrariness of 9 £ [0, 27r) gives 

{\a n \ + Mrr 1 ^- 1 < - - 



If a 2 \ _ 1 ( Q 2 (r )-a 2 (l-t) 2 

n 



M(t)J n\ (l-t)Q(r ) 



10 SH. Chen, S. Ponnusamy and A. Rasila 

which implies that 

,'Q 2 (r )-a 2 (l-^ 

On + Pn < 



nr^H^ 1 V (l-t)Q(ro) 

Q 2 (r )-a 2 (l-t) 2 



~ nr^Qiro) o<t<i [ ^(l - t) 



< 



< 



Q(ro) inf ( 1 ] _ Q(r ) ( 



nr™' 1 o<t<i [t 71 - 1 ^ -t) J r™ -1 ' « ~ 1 
<2(r )e 



''o 



n-l • 



The proof of the theorem is complete. □ 



Proof of Theorem 4. As in Theorem 3, let / = h + g, where g and h are analytic 
in D and have the form (2.1). For £ G D, let F(Q = /(roOAo) where r is the same 
as in Theorem 1. From the proof of Theorem 3, for n > 2, we have 



(3.5) 



K\ < 



Q(r )e 



»n-l 



To prove the univalence of F, we choose two distinct points d, C2 £ where 
(3.6) p = 1 - 1 

Then (3.5) and (3.6) yield that 



eQ(r ) 



> 



[Ci.Ca 



[Ci,Ca 



F f (0rfC + ^(0^C 



F c (0) dC + Fc(0)dC 



[Ci.Ca 



(F c (C)-F c (0))rfC + (^(O-^(°))^ 



> id - C2I [a f (o) - ^(ki + i^ix-y- 1 ] 



n=2 



> IC1-C2I 

> IC1-C2I 



a - Q{r ) ^1 4 
a - eQ(r ) ■ 



1 



n — 1 
P(2-P)" 



n-l 



P(2-P) 
(1-P) 2 

0, by (3.6) 



Thus, F(( 2 ) 7^ F(d). The univalence of F follows from the arbitrariness of £1 and 
£2- This implies that / is univalent in D roP . 



Coefficient estimates, Landau's theorem and Lipschitz-type spaces on planar harmonic mappings 11 

Now, for any (' = pe %e G 9D p , we easily obtain that 



\F(C)\ > ap-J2(K\ + \b n \K- 1 p v 



n=2 

oo 



> ap-eQ(r )^2p n 

n=2 

/ eQ{r )p\ R 
= p [a-— = — 



o 



Therefore, f(D roP ) contains a univalent disk of radius Rq. The proof of the theorem 
is complete. □ 

4. Lipschitz-type spaces of harmonic mappings 

Lemma F. ([8, Lemma 1]) Let f be a K -quasiregular harmonic mapping in B> with 
/(D) C D. Then for all z G D, 

(4.1) K f {z)<K 1 -^ . 
Moreover, inequality of (4.1) is sharp when K — 1. 

Proof of Theorem 5. The implications / € L w (O r ) => \f \ G ^(D r ) |/| G 
L w (D r ,<9D r ) are obvious. We only need to prove |/| G L u (H> r ,dH) r ) =>- / G L w (D r ). 
For zeD, let w(z) = fz{z)/f z {z). Then w(0) = and for any fixed r G (0, 1) and 
2 G D r , |w(^)| < r. This gives 

Mf) = 1+14)1 < l + r = R{r) 
Xf(z) 1 — 1 — r 

Now, for a fixed point z G D n we consider the function 

F( v ) = f(z + d(z)r))/M z , // GO, 

where := d(z, <9B r ) denotes the Euclidean distance from z to the boundary <9B r 
of D r and M z := sup{|/(£)| : \( — z\ < d(z)}. By an elementary calculation, we 
obtain that 

Ml) A/«) - 1 

where £ = 2; + d(z)r}. Then F is a _fT(r)-quasiregular harmonic mapping of D into 
itself. By Lemma F, we see that 

A F (0)<K(r)(l-\F(0)\ 2 ) 

which in turn gives 

(4.2) d(z)A f (z)<2K(r)(M z -\f(z)\). 
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Without loss of generality, we let ( G <9D r with \( — z\ = d(z), and let w e D(,z, d(z)). 
Then 



|/H|-|/(z)| < ll/HI- |/(C)|| + |l/(0l -I/Wll 

< Mu(d(z)) + Mu(2d(z)) 

< 3Mu(d{z)) 

and thus, 



sup (\f(w)\-\f(z)\)<3Mu(d(z)), 

w&(z,d(z)) 



which implies that M z — \f(z)\ < 3Mcu(d(z)). This inequality together with (4.2) 
shows that 



(4.3) A f (z) < 6MK(r) ■ z E 



u(d(z)) 
d{z) 



Finally, given any two points Z\,Z2 € D r , let 7 C B r be a curve joining z\ and Z2 
which is similar to the proof of [16, Lemma 6 (ii)]. Integrating (4.3) along 7, we 
obtain that 



( ^§^ds{z). 



d{z) 

Therefore, (4.4) yields 

\f(z 1 )-f(z 2 )\<M 1 -co(\z 1 -z 2 \), 
where Mi is a positive constant. The proof of this theorem is complete. □ 



Proof of Theorem 6. By (2.6) and Green's Theorem, we have 
\f{re l6 ) - f{rz)\ 2 P{e i9 ,z) d6 



2tt 
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2?r 







7T / \f(re*)-f(rz)\'— log 



< 



2tt . 

7T 
7T 







dri( 



d0 



/ log 

In 


w 


— z 


1 - 


- zw 


/ log 

m 




— z 


1 - 


- zw 



2r 2 M 2 
/ log 



< 



7T 

2r 2 M 2 



w — z 



1 — zw 



{\fdrw)\ 2 + \f^rw)\ 2 ) dA(w) 
A 2 (rw) dA(w) 

dA{w) 



UJ 



log - — -UJ 2 



Jo \W\ 



1 — r\w\ 



1 — r\w 
dA(w 



4r 2 M 2 [ pllogplu; 2 ( — *— \ dp 
Jo \^-rpJ 



Ar 2 M 2 



o 



tU)* 



1-rt 



dt 



rp , 1 

4r 2 M 2 <J | log p| / tu? 







1 - rt 



dt 



dp 



dp 



4r 2 M 2 



'o P 

< 4r 2 M 2 'u 2 (^— 
Jo Jo VI -rt 
-1 / pi 



dp 

dt dp 



4r M / 

lo \l-rt 



dt 



Ar 2 M 2 



1 -t 
1-rt 



(1 - r*)w 

< 4r 2 M 2 w(l) [ u (—L-)dt 
Jo V l-^ 



1 - rt 



ijj 



1 - rt 



dt 



which implies 

Wr\\BMO h 

where £ = ra. The proof of this theorem is complete. 



rt 



dt, 



□ 



Proof of Corollary 2.2. Corollary 2.2 easily follows from (3.3) and Corollary 2.1. 
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Proof of Theorem 7. Differentiating both sides of equation / 1 (f(z)) = z yields 
the relations 



(n)ch' + (/" V = 1 and (r v + (r v = °> 



where £ = /(z). This gives 



(4.5) 



(r 1 : 



and 



Since f2 = /(D r ) is convex, for any two distinct points Zi, 22 G D r and t G [0, 1], 
<p(t) = (f(z 2 ) - f( Zl ))t + f{z x ) G ft._Let_ 7 = J" 1 ° and f(z 2 ) - = \f(z 2 ) - 

f( Zl )\e ie °. For z G D, let io(z) = f-(z)/f z (z). Then io(0) = and for z G D r , 
< r, where r G (0, 1). This implies that / is i^(r)-quasiconformal harmonic 
mapping in D r , where K{r) = j^-. By calculations and (4.5), we have 



\h(z 2 ) - h( Zl ) 



h'(z) dz 



1 ti{l{t))^-l{t)dt 



dt 











dt 



\f&) - f(*i)\ 



< 



'0 



jfd(t)) 



\f(z 2 )-f( Zl )\ 

l/(* 2 )-/(*i)| 
1 — r 



i-k(7(*))l 



This implies that the second inequality in (2.8) holds. Next we prove the first 
inequality in (2.8). Applying (4.5), we see that 
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Re[e- ie °(g(z 2 )-g( Zl ))] 



Re 



Re 



Re 



-100 



-iOo 



-iOo 



g'(z) dz 



1 d 

g'(i(t))-Mt) dt 







dt 











= \f(z 2 ) 
< \f(z 2 ) 



g'm)[^t)-f-^(t)) + ^\t)^f-^(t)))dt 



• 1 9'(7(i))/*'(7(i))e i9 °-|ff / (7W)| 2 e- lfi0 



\ -i9o 









M)l 



Mi®) 

L |^X7W)F(7M)e- 2 ^|-|^(7W)| 2 



dt 



dt 



< |/fc)-/C*i)l 



H7(*))l 

o i + Kt(*))I 



dt 



< 



r\f(z 2 ) - f( Zl )\ 



1 + r 



which gives 
(4.6) 



Re 



g{z 2 ) - g[zi) 
f(z 2 ) - f( Zl ) 



< 



(4.7) 



Re 



It is not difficult to see that 
h(z 2 ) - 

By (4.6) and (4.7), we get 

\h{z 2 ) - h{ Zl )\ 
\}{z 2 )-f{ Zl )\ - 

The proof of this theorem is complete. 



1-Re 



9{z 2 ) -g{zi / 
f(z 2 ) - /(*) 



h(z 2 ) - h( Zl ) \ 
f(z 2 ) - f( Zl ) J 



> 



□ 
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